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Context and motivations

@ Context : Solution of electromagnetic wave scattering problem
by a complex object using a boundary element method

@ Motivation : Accurate evaluation of radar cross-sections

Large-scale objects (in comparison with the wavelength)

Multi-scale phenomena

e

W

i
I

—

Example : Monopole antenna in the
presence of a dielectric object on a

launcher (ISAE Workshop, 2016)
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Context and motivations

o Context : Solution of electromagnetic wave scattering problem
by a complex object using a boundary element method

@ Motivation : Accurate evaluation of radar cross-sections

» Large-scale objects (in comparison with the wavelength)

» Multi-scale phenomena

o Difficulties : High computational costs

» Number of degrees of freedom : 1650875
— Approximately 100000000 in volume

Number of CPU  Factorization (in CPU-H)

LL® (prediction) 15000 151435

Block low-rank 800 2541

Example : Monopole antenna in the

presence of a dielectric object on a
launcher (ISAE Workshop, 2016)

H-matrix 200 1043

Hackbush (1999), Bebendorf (2008), . . .
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Context and motivations

@ Context : Solution of electromagnetic wave scattering problem
by a complex object using a boundary element method

@ Motivation : Accurate evaluation of radar cross-sections

Large-scale objects (in comparison with the wavelength)

Multi-scale phenomena

o Difficulties : High computational costs

@ Objectives : Development of a domain decomposition method I

v

W

Robust simulations for a wide range of frequencies
Solve very large problems (more than 10 000 000 of unknowns)

i
I

—

Geometry-adaptative strategies to handle multi-scale structures -
Allow non-conformal meshes

Example : Monopole antenna in the
presence of a dielectric object on a
launcher (ISAE Workshop, 2016)

Simulation-based engineering using High Performance Computing
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About surface discontinuous Galerkin methods

o Adaptation of volumical discontinuous Galerkin methods to surface problems
Peng, Hiptmair and Shao (2016), Messai and Pernet (2020)

Iume Surface

Locality v X

Iterative solution is inevitable

Restrictions v X Restrictions of distributions are not easy to define

_1
Traces 4 X No trace theorem in H, 2 (divr,T)
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@220 About surface discontinuous Galerkin methods

o Adaptation of volumical discontinuous Galerkin methods to surface problems
Peng, Hiptmair and Shao (2016), Messai and Pernet (2020)

Volume  Surface Comments

Locality Iterative solution is inevitable

Restrictions v X Restrictions of distributions are not easy to define

_1
Traces 4 X No trace theorem in H, 2 (divr,T)

o Why not to directly use an iterative solver on BEM ?

» Main motivation : non-conformal meshes
» EFIE simulation preconditioned using domain partitioning on a low-frequency case
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X Iteration

Steinbach and Wendland (1998), Christiansen and Nédélec (2000), Antoine, Bendali and Darbas (2005), Andriulli et al. (2008) . . .
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Outline

Discontinuous Galerkin-based surface domain decomposition method
m Model problem
m Discontinuous formulation
m Discrete formulation
m Iterative procedure

Numerical results
m Accuracy of solutions
m Convergence of the iterative solver
m Computational costs
m The non-conformal case

Conclusion and perspectives
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@228 Outline

Discontinuous Galerkin-based surface domain decomposition method
m Model problem
m Discontinuous formulation
m Discrete formulation
m Iterative procedure
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@228 T he exterior time-harmonic Maxwell problem

e Using a time-harmonic dependence in exp(4iwt)

EHi

V x ES+ikZy"H =0 in Q¢
V x H® —ikZgE® =0 in Q¢
§§ nxE*=—nxE on T
lim |x|(Zo H* x % — E¥) =0 unif. in & = —
|x| =00 |X|
Qet C R3 K : wave-number, Zg : impedance coefficient in vacuum
e A
o Q= . Exterior domain
ol . Scattering surface
e E',H' : Incident fields
o E° H° : Scattered fields
o E,H : Total fields

E=E +FE° H=H + H°
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The exterior time-harmonic Maxwell problem

e Using a time-harmonic dependence in exp(4iwt)
Ei H

V x ES+ikZy"H =0 in Q¢
V x H® —ikZgE* =0 in Q¢
§§ nxE*=—nxE on T
lim |x|(ZoH* x X — E¥) =0 unif.in & = —
[x|=> 00 |x|
Qet C R3 K @ wave-number, Zg : impedance coefficient in vacuum
h\é % @ Using the Stratton-Chu formulas for x € Q¢
Es, H*
1
E°(x) = —ikT J(x) and H°(x)= 7}CJ(X)
e Ot . Exterior domain 0
ol : Scattering surface J = Zy(n x H) : total surface electric current
e E',H' : Incident fields 7 1 v (SdivrJ J
o E° H° : Scattered fields T K2 (Sdivrd) +
°

E,H : Total fields KJ=V xSJ AMx) = / G(x, y)A(y) dsy
E—E+E H=H4+H :
G : out-going Green function of the Helmholtz equation
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The exterior time-harmonic Maxwell problem

e Using a time-harmonic dependence in exp(4iwt)

EHi

V x ES+ikZy"H =0 in Q¢
V x H® —ikZgE* =0 in Q¢
%{ nxE*=—nxE on T
lim x| (ZoH°x % —E°)=0 unif.in Xx=—
[x|=> 00 |x|
Q= C R3 K @ wave-number, Zg : impedance coefficient in vacuum
h\é % @ Using the Stratton-Chu formulas for x € Q¢
Es, H*
1
E°(x) = —ikT J(x) and H°(x)= 7}CJ(X)
e Q% . Exterior domain 0
ol : Scattering surface J = Zy(n x H) : total surface electric current
o E',H' : Incident fields o Jump relations give boundary integral equations
o E° H° : Scattered fields ) i
o E.H : Total fields ikTJ = n x (E' X n) on [ (EFIE)
1 )
E=FE +FE° H=H + H° EJ—KJ:Zo(an') on (MFIE)
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@228 Discontinuous boundary integral equations : general principle

. 1 .
ikTJ=nx (E' xn) onT (EFIE) 5~ KJ=2o(nx H) onT (MFIE)
_1 1 4 1
T : H, 2(divr,T) — H, ?(curlr,T) K : H; 2(divr,T) — H, 2(divr,T)
1
TJ = = Vr (Sdivrd) + SJ KJ =p.v.[nx (Vr x §J)]
K
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@228 Discontinuous boundary integral equations : general principle

. 1 .
ikTJ=nx (E' xn) onT (EFIE) 5~ KJ=2o(nx H) onT (MFIE)
_1 1 4 1
T : H, 2(divr,T) — H, ?(curlr,T) K : H; 2(divr,T) — H, 2(divr,T)
1
TJ = = Vr (Sdivrd) + SJ KJ =p.v.[nx (Vr x §J)]
K

o N : number of subdomains

o

N
oF:UF,,
n=1

o Vom=InNTm
o v, =0l,

® Tpm : exterior normal vector to ypm

@ T, : exterior normal vector to 7,
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Discontinuous boundary integral equations : general principle

by N
. i 1 )
lli,HX::l Tomdm =n X (E' xn) onl, EJH — mX::l Komdm = Zo(n x H') on T,
~_1 ~_1 ~_1 ~_1
Tom : Hy 2 (divr,,,Tm) — H 2 (curlr,, ) Kom : Hy 2 (divr,,,Tm) — H, 2(divr,,T5)
1
Tomdm = ?an (S"mdin,,,Jm) + Somdm Komdm = p.v. [n X (Vr" X Snm-lm)]

1 Restriction to each subdomain

1 o N : number of subdomains
Im = J‘rm € H, 2 (dinm, Fm)

(X

N
oF:UF,,
n=1

o Vom=InNTm
o v, =0l,

® Tpm : exterior normal vector to ypm

@ T, : exterior normal vector to 7,
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N
inz Tomdm = n X (Ei xn) onl,

m=1

~—1
(divr,,,Tm) — H; 2(curlr,,n)

(NI

Tom : ﬁt_
1
Tnme = ?vl—n (SnmdiVFme) + SnrnJm

1 Restriction to each subdomain
~_1
Im=J. € H VT, Tm)

2 Obtention of variational formulations

Multiplication by a test-function
Integration on partial surfaces
Integration by parts (EFIE only)

<Vr (SnmdiVI'Jm) 5 Vn> r, =
—(Samdivr I, diVE Vi) + (Sonive I, Vo 7).

» which requires more regularity (e > 0)

1_ .
divrdm € H™245(T) and v, € HZ*(divr, )
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Discontinuous boundary integral equations : general principle

N

1 .
EJn - Z KomJdm = Zo(" X HI) on [,

oL PO\
Kom : Hy 2 (divr,,,Tm) — H, 2(divr,,T5)

m=1

Komdm = pv.[n % (Vr, % Somdm)]

N : nu

N
r=Jr
n=1

mber of subdomains

N\

o Vom=InNTm

o v, =0l,

® Tpm : exterior normal vector to ypm
@ T, : exterior normal vector to 7,
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N
inz Tomdm = n X (Ei xn) onl,

m=1

~—1
(divr,,,Tm) — H; 2(curlr,,n)

(NI

K ﬁt_
1
ﬂme::;EVEJSMJhTMLﬂ'%&me

1 Restriction to each subdomain
~_1
Im=J. € H VT, Tm)

2 Obtention of variational formulations
Multiplication by a test-function
Integration on partial surfaces
Integration by parts (EFIE only)

3 Summation over all the subdomains

N

Z <SnmdiVFJm«, Vn - Tn>'\/n =
n=1
Z (Snmdivr Im, [V]’Vnm>»y,,m

Ynm
[VIvpm = Tom = Vn + Timn - Vn : jump across Ypm
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Discontinuous boundary integral equations : general principle

N
1 )
EJ" - E Knomdm = Zo(n x H') on T,

m=1

oL PO\
Kom : Hy 2 (divr,,,Tm) — H, 2(divr,,T5)

Komdm = pv.[n % (Vr, % Somdm)]

o N : number of subdomains

(o

N
° r:Ur,,
n=1

o Vom=InNTm

o v, =0l,
® Tpm : exterior normal vector to ypm
@ T, : exterior normal vector to 7,
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Discontinuous boundary integral equations : EFIE formulation

N 1
Find J € @) H, 2" *(divr,,, Tm) with & > 0 such that

N
ar(J,v) + a= (4, v) + pi(J,v) = £(v) for any v € €D |-|2 “(divr,,Tn)
n=1
N N 1
r(4,v) = Z Z {; (Snmdivr,, Im, divr, V">F,, + ik (SpmIm, Vn>|'n} (continuous EFIE)
n=1 m=1
1 N
j5(_] v) e Z ; (Samdivr,, Im, [v]%m)%m —l—:‘;’,“Y‘L(J7 v) (symmetrization)
p5(J, v) is function of [J],,, and [v],,, (penalization)
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Discontinuous boundary integral equations : EFIE formulation

N 1
Find J € @) H, 2" *(divr,,, Tm) with & > 0 such that

N
ar(J,v) + a= (4, v) + pi(J,v) = £(v) for any v € €D |-|2 “(divr,,Tn)
n=1
N N 1
r(4,v) = Z Z {* (Snmdivr,, Im, divr, V">F,, + ik (SpmIm, Vn>|'n} (continuous EFIE)
n=1 m=1 iR
1 N
e Z Z (Samdivr,, Im, [v]%m)%m + ai(J v) (symmetrization)
1 Yo
p5(J, v) is function of [J],,, and [v],,, (penalization)

» Requires more regularity (¢ = %)

J V) - Z Z SmndIVr,, Vn, [J]’Ymn>7mn (S)

n—l Ymn
N
= 2(73:
(V) =+ ZZ (Smndivr, v, [W]yp).,  (AS) Jand v e EBlLt(dlvrnfrn)
n—l Ymn W=
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Discontinuous boundary integral equations : penalty term

N
Find J € @) Li(divr,,, Tm) such that
m=1
N
ar(J,v) + a3 (J,v) + pi(d,v) = £(v) for any v € @D Li(divr,, )

n=1

o Empirical choice coming from Peng, Hiptmair and Shao (2016) : L?(~y)-inner product

U =2 W W)y, ()

Ynm

where 3 have to be without dimension

N1
» requires more regularity (one more time!) to make sense : J and v € @ H2 (divr,,T,)

n=1

1
@ A new penalization : H™ 2 (y)-inner product (positive definite bilinear form)

Py () = B (Sounllos W), (HH)

Ynm

~ 1
where S, A\(x) = > / Ko(k|x — y|)A(y) doy and B have to be without dimension
¥
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(@228 Discontinuous boundary integral equations : discretization

o Discretization space : Restrictions of Raviart-Thomas boundary elements of smallest degree

J=Jgheph — =" Jh e vh c L2(divr,,, Tm)

where J!(x) = Z J 1‘PK (x) +J 2Lpf<(x) + J 3cpK(x) x € Th (triangulation of ')
Kerh
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Discontinuous boundary integral equations : discretization

o Discretization space : Restrictions of Raviart-Thomas boundary elements of smallest degree
J=Jgheph — =" Jh e vh c L2(divr,,, Tm)

where J!(x) = Z JK Mot (x) + J cpf((x) + JZ”;QO?((X) x € T (triangulation of ['y)

Kerh
Xk
gpi ‘Pl . i _ 1 i h,m
Kk with @p(x) == (x—xi) and Jg7T =
X2 2|K| '
1 K
Xjx o
Find J/ € V' such that for any v/ € Vh
al(Jh vh) + af/"(Jh, vh) + p;’h(J”, vh) = eh(vh) (DG-EFIE)
bR (I, vh) = A (from continuous MFIE) (DG-MFIE)
o (DG-EFIE) + (1 — a) (DG-MFIE) (with0 < @ <1) (DG-CFIE)
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@28 Discontinuous boundary integral equations : iterative solution

o Use of GMRes solver (from CERFACS) with block-diagonal Jacobi preconditioning

Diagonal blocks correspond to matrices for individual subdomain

Flexibility in choosing subdomain solvers (LLt, LU, Block low-rank, H-matrix, . . .)

Off-diagonal blocks correspond to interactions between subdomains

Could be sped-up by compression techniques
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@228 Discontinuous boundary integral equations : iterative solution

o Use of GMRes solver (from CERFACS) with block-diagonal Jacobi preconditioning

Diagonal blocks correspond to matrices for individual subdomain

Flexibility in choosing subdomain solvers (LLt, LU, Block low-rank, H-matrix, . . .)

Off-diagonal blocks correspond to interactions between subdomains

Could be sped-up by compression techniques

o Eingenvalue distribution for a low frequency case (at 95 MHz)

(DG-CFIE) simulation with CFIE parameter a = 0.5

(DG-EFIE) simulation and convergence using restart = 10

Convergence for (DG-EFIE)

2) g = Llogxh 2y g llogshl
G -5="5 )+ 1)-p=1 BN -F="g (AS)+(H 1) - =1 100 T
— )

T T T T T T T T T T T = )
© 10 B 10 R 10 — R 1r, - T (AS)+(L)
3 . . N o - AR . N DU (BS)+H)
2 g 5 P o ) g
§ o Va1 of Y4By 14 o T&Tey | o Wy | g
o - - ° - o
£ b e —1b R N —1b 4= oL BN

| | | | | | | | | | Lo 10700 0 ]

o 1 2 o 1 2 o 1 2 o 1 2 0 500 1,000

Real part Real part Real part Real part Jteration
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@228 Outline

Numerical results
m Accuracy of solutions
m Convergence of the iterative solver
m Computational costs
m The non-conformal case

5 el Journée DDM

Commissariat a I'énergie atomique et aux énergies alternatives



Accuracy : convergence with respect to the mesh size

o Difference modulus between electric currents : (DG-CFIE) at 1.52GHz - h = %

Maximal errors :

Formulation (S)+(L?)

2 (m)
2 (m)

v (m)

x (m) x(m)

8.681 - 104 1.260 - 1073 4.920 - 103

2
)

Formulation (AS)+(L’

v (m)

7.004 - 1073

o Comparison of associated radar cross-sections and convergence (95 MHz - 2 subdomains)

30

Radar Cross-Section
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Reference solution
O]
S (a8 r
1
($)+H72) n o
g 2| 4 E i
wormh) f € 077 E El
5 [ 1 < 1
s F 12 ]
d b 1 8 §
5 I 1 3
g 1 ]
5 [ 1 0= 1
El [ ] ]
€ 104 L E
L L L | L 1 L L £ L L E|
100 150 200 250 300 350 102 10715 101 10%

Angle 0 1/ Number of points per wavelength

Justine Labat

Number of points per wavelength
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Discussion about the convergence of the iterative solver

o Convergence of the iterative solver on the PEC parallelepiped of dimension 1m X 1m x 0.25m
at 5 GHz enlighted with angle (5, 7) with hmoy = % and using 8 subdomains
» (DG-CFIE) with a = 0.5 : GMRes without restart and relative residual ¢ = 1073

()+(L2)  (AS)H(L)  (S)+(H 2) (AS)+(H ?)
Jump error 232.107% 3.13-100% 1.01-1072 1.03-1072
RCS error 2.04-1072 3.37-107% 1.87-10"2 3.58 102
Number of iterations 14 11 32 16

» (DG-EFIE) formulation : GMRes with restart = 50 and relative residual ¢ = 1073

(S)+(L)  (AS)+(L2) _ (S)+(H 2) (AS)+(H 2)
Jump error 1.87-107% 259.1073 1.56 - 1073 =
RCS error 6.88-107°  6.64-10"2  3.73.107° -
Number of iterations 434 374 269 -

o Scalability with respect to the frenquency and the mesh size (without restart and ¢ = 107°)
2,000 T T T

(S)+(L) . 200
=== ()1

1,500 w0 | ]
Bs)+H) | 7 150

1
» No significant improvement of H™ 2
penalisation for (DG-CFIE) formulation

1,000

500 100

» Improvement of convergence and accuracy for

oL ] sl ] the symmetric (DG-EFIE) formulation

102 103 50 100 » Keeping a symmetric EFIE formulation has
Frequency f Number of points per wavelength benefits for the solver

Number of iterations
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E Computational costs (using dense assembling)

@ Dimensions : 10\ x 10\ x 40\

@ Number of degrees of freedom : 273312
o Additional degrees of freedom : 3021

@ Number of subdomains : 24

o (DG-CFIE) simulation with o = 0.9

o Formulation (AS)4-(L?)

o GMRes with restart = 50

o Comparison between CFIE+LU, CFIE4+GMRes and DG-CFIE4+GMRes

Formulation Solver Number of CPU  Factorization (in CPU-H)

CFIE 1280 5018
DG-CFIE 1280 36

Formulation Relative residual Number of iterations Convergence (in CPU-H)

CFIE 1073 202 5607
DG-CFIE | GMRes 1073 47 1142
DG-CFIE | GMRes 10°° 150 3556
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The conformal case vs. the non-conformal case

o Comparison of electric currents on the PEC cube of side 1 m : Conformal mesh vs.

non-conformal mesh at 1 GHz with Amax = = and using 10 sub-domains

(1w

Jump error RCS error

Refined 1.19-1073% 1.79.-10~*
Coarse 3.30-103 3.27-1073
Non-conformal 342-1073 3.26-103

Radar Cross-Section

I | | | | | |
0 50 100 150 200 250 300 350
Angle 0
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(@228 Discussion about non-conformal interfaces

o Comparison of electric currents on the PEC cube of side 1 m : Non-conformal (coarse)
meshes at 500 MHz using 2 sub-domains

ro =V

20 ! ! =
. “\\ S
2 10 Vi 4
@ \ e T /
% \ N N /
4 0 \ SN = i/ b
S | { \/
5 \ 1 Y
3 -lop ) if E
|
4 W
¥
20 I I I I I I I I i
0 20 40 60 80 100 120 140 160 180

Angle

» How to define correctly penalization function on this kind of interfaces 7 On-going work ...
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@28 Outline

Conclusion and perspectives
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Conclusion and Perspectives

Conclusion

o Development and numerical analysis of a discontinuous Galerkin surface domain
decomposition method for electromagnetic scattering by non-penetrable objects
Comparison of symmetric and anti-symmetric formulations

Symmetric formulation involves better accuracy on currents and preserves symmetry in EFIE
Anti-symmetric formulation involves better conditioning number in CFIE formulation

—-1. .
Comparison of L? and H™ 2 interior penalty terms
12 penalization is robust with respect to the frequency but parameter 3 have to be calibrated

_1
H 2 penalization is more robust with respect to the discretization size

o Comparison with a boundary element method
Computational costs

Using a direct solver : large gain in factorization time
Using a preconditioned iterative solver : faster convergence for EFIE formulation

Accuracy : Jump does not pollute radar cross-sections

Perspectives
@ Correction of penalization functions to take into account holes and overlaps
@ Integration of H-matrix formalism to consider bigger problems

o Extension to dielectric scatterers to consider more complex problems
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Conclusion and Perspectives

Conclusion

o Development and numerical analysis of a discontinuous Galerkin surface domain
decomposition method for electromagnetic scattering by non-penetrable objects
Comparison of symmetric and anti-symmetric formulations

Symmetric formulation involves better accuracy on currents and preserves symmetry in EFIE
Anti-symmetric formulation involves better conditioning number in CFIE formulation

—-1. .
Comparison of L? and H™ 2 interior penalty terms
12 penalization is robust with respect to the frequency but parameter 3 have to be calibrated

_1
H 2 penalization is more robust with respect to the discretization size

o Comparison with a boundary element method
Computational costs

Using a direct solver : large gain in factorization time
Using a preconditioned iterative solver : faster convergence for EFIE formulation

Accuracy : Jump does not pollute radar cross-sections

Perspectives
@ Correction of penalization functions to take into account holes and overlaps
@ Integration of H-matrix formalism to consider bigger problems

o Extension to dielectric scatterers to consider more complex problems

Thank you for your attention!
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